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All N=4 conformal supergravities in four space-time dimensions are constructed. These are the
only N =4 supergravity theories whose actions are invariant under off-shell supersymmetry. They
are encoded in terms of a holomorphic function that is homogeneous of zeroth degree in scalar fields
that parametrize an SU(1, 1)/U(1) coset space. When this function equals a constant the Lagrangian
is invariant under continuous SU(1, 1) transformations. The construction of these higher-derivative
invariants also opens the door to various applications for non-conformal theories.
Conformal supergravity is the supersymmetric gen-
eralization of conformal gravity, whose Lagrangian is
the square of the Weyl tensor. The combination of
local supersymmetry and conformal symmetry neces-
sarily implies the presence of additional local invari-
ances, which include a special supersymmetry known
as S-supersymmetry. The original supersymmetry is
then called Q-supersymmetry. These combined invari-
ances are associated with a superconformal gauge alge-
bra known as su(2, 2|N). The transformation rules and
the corresponding invariant Lagrangians are known for
N=1 and 2 [1, 2]. For N=4 the full non-linear transfor-
mation rules of the fields, which constitute the so-called
Weyl supermultiplet, have been determined [3]. This is
the largest possible conformal supergravity that can ex-
ist in four space-time dimensions [4], and so far a com-
plete Lagrangian was not known. A unique feature is the
presence of dimensionless scalar fields that parametrize
an SU(1, 1)/U(1) coset space. The U(1) factor is real-
ized as a local symmetry with a composite connection,
which acts chirally on the fermions. Hence the so-called
R-symmetry group is extended to SU(4)×U(1).
As explained below there are good reasons to expect
that a large variety of these theories will exist. This
Letter reports important progress on this question as
we derive the most general invariant Lagrangian, which
turns out to depend on a single arbitrary holomorphic
and homogeneous function of the coset fields. Here we
will present its purely bosonic terms; full results will be
reported elsewhere. When this function is constant these
bosonic terms turn out to agree with a recent result de-
rived by imposing supersymmetry on terms that are at
most quadratic in the fermions [5].
In the Lagrangian this function will, for instance, mul-
tiply the terms quadratic in the Weyl tensor. The pos-
sible existence of such a non-minimal coupling was sug-
gested long ago in [6, 7]. Meanwhile indirect evidence
came from string theory, where the threshold corrections
in the effective action of IIA string compactifications on
K3×T 2 reveal the presence of terms proportional to the
square of the Weyl tensor multiplied by a modular func-
tion [8]. The same terms emerge in the semiclassical ap-
proximation of microscopic degeneracy formulae for dy-
onic BPS black holes [9–11]. Finally higher-derivative
couplings derived for N=4 Poincare´ supergravity [12, 13]
do also exhibit non-trivial scalar interactions. The results
of this Letter can provide more detailed information on
such higher-derivative interactions. Likewise they can be
utilized to study the subleading contributions to N = 4
BPS black hole entropy in a fully supersymmetric de-
scription.
We briefly summarize the field content of N = 4 con-
formal supergravity, which comprises 128 + 128 bosonic
and fermionic off-shell degrees of freedom. Space-time
indices are denoted by µ, ν, . . ., tangent space indices
by a, b, . . . and SU(4) indices by i, j, . . .. Among the
bosonic fields are the vierbein eµ
a, SU(4) gauge fields
Vµ
i
j and a gauge field bµ associated with dilatations. Fur-
thermore there are three composite bosonic gauge fields,
namely the spin connection ωµ
ab, the gauge field fµ
a as-
sociated with conformal boosts and the gauge field aµ
associated with the U(1) symmetry. In addition to the
gauge fields, the bosonic fields comprise complex anti-
selfdual tensor fields Tab
ij transforming in the 6 repre-
sentation of SU(4), whose complex conjugates are the
selfdual fields Tabij , complex scalars Eij , and pseudo-real
scalars Dijkl transforming in the 10 and the 20
′ repre-
sentation of SU(4), respectively. Finally there exists a
doublet of complex scalars φα, which are invariant under
dilatations and transform under rigid SU(1, 1) transfor-
mations (α = 1, 2). They are subject to the SU(1, 1)
invariant constraint,
φα φα = 1 , φ1 ≡ (φ
1)∗ , φ2 ≡ −(φ
2)∗ , (1)
and as a result the fields φα and φα parametrize SU(1, 1)
matrices. Because these fields are subject to the local
U(1) symmetry, they describe two physical degrees of
freedom associated with an SU(1, 1)/U(1) coset space.
The positive chirality fermions consist of the gravitini
ψµ
i (the gauge fields of Q-supersymmetry), a compos-
ite gauge field φµi associated with S-supersymmetry, and
two spinor fields, Λi and χ
ij
k, transforming in the 4, the
4, the 4 and the 20 representation, respectively. The neg-
2ative chirality fermions transform under the correspond-
ing conjugate representations.
We will refrain from discussing the superconformal
transformations of the various fields in any detail. These
results have already appeared in [3, 5]. The Weyl mul-
tiplet defines a doublet of chiral superfields with lowest
components φα, but no other independent chiral super-
multiplets can exist coupled to conformal supergravity.
In view of their relevance for the present paper we
first present some further details regarding the fields φα
and φα, which we refer to as the holomorphic and the
anti-holomorphic fields, respectively. The holomorphic
fields carry U(1) charge equal to −1 and transform un-
der Q-supersymmetry into the positive chirality spinors
Λi, which themselves carry U(1) charge −3/2,
φα → e
−iλ(x) φα , δφα = −ǫ¯
iΛi εαβ φ
β . (2)
The supercovariant constraint that determines the U(1)
gauge field aµ and the generalized supercovariant deriva-
tives of the coset fields, Pa and P¯a, are defined by
φαDaφα = −
1
4 Λ¯
iγaΛi , (3)
Pa = φ
α εαβ Daφ
β , P¯a = −φα ε
αβ Daφβ ,
where Da denotes the fully superconformal covariant
derivative. Note that Pa and P¯a carry Weyl weight
+1 and U(1) weights +2 and −2, respectively. From
these definitions one may derive the supercovariant ex-
tension of the Maurer-Cartan equations associated with
the SU(1, 1)/U(1) coset space,
F (a)ab = − 2iP[a P¯b] −
1
2 i
(
Λ¯iγ[aDb]Λi − h.c.
)
,
D[aPb] = −
1
2 Λ¯iγ[aΛ
i Pb] +
1
4 Λ¯
iR(Q)ab i , (4)
where F (a)ab and R(Q)ab i denote the supercovariant
U(1) and Q-supersymmetry curvatures, respectively.
Note that the expressions (2) and (3), when combined
with those for the anti-holomorphic fields, reflect the
structure of the three left-invariant vector fields associ-
ated with the group SU(1, 1),
D0 = φα
∂
∂φα
− φα
∂
∂φα
, (5)
D† = φα ε
αβ ∂
∂φβ
, D = −φα εαβ
∂
∂φβ
,
which satisfy the commutation relations
[
D0,D
]
= 2D
and
[
D,D†
]
= D0. Using these definitions the super-
symmetry variation and the supercovariant derivative of
arbitrary functions H(φα, φ
β) can be written as
δH = −
[
ǫ¯iΛiD + ǫ¯iΛ
iD†
]
H ,
DaH =
[
P¯aD + PaD
† + 14 Λ¯
iγaΛiD
0
]
H . (6)
The class of Lagrangians presented below involves a func-
tion H(φα) that is homogeneous of zeroth degree in
the holomorphic variables, so that D†H(φα) = 0 and
D0H(φα) = 0. Using the above commutation relations, it
then follows that D†DnH(φα) ∝ D
n−1H(φα) for n > 1,
and vanishes for n = 1 so that DH(φα) is holomorphic
while D2H is not.
After these definitions we present the bosonic terms of
the full class of superconformal Lagrangians, which are
given by the real part of the following expression,
e−1L = H
[
1
2 R(M)
abcd
R(M)−abcd +R(V )
abi
j R(V )
−
ab
j
i +
1
8 D
ij
klD
kl
ij +
1
4 Eij D
2Eij − 4Tab
ijDaDc T
cb
ij
− P¯ aDaDbP
b + P 2P¯ 2 + 13 (P
aP¯a)
2 − 16 P
aP¯aEij E
ij − 8Pa P¯
c T abij Tbc
ij − 116 Eij E
jk Ekl E
li
+ 148 [Eij E
ij ]2 + T abij Tab kl T
cd ij Tcd
kl − T abij Tcd
jk Tab kl T
cd li − 12 E
ij T ab kl R(V )ab
m
i εjklm
+ 12 Eij T
ab
kl R(V )ab
i
m ε
jklm − 116 EijEkl T
ab
mn Tab pq ε
ikmn εjlpq − 116 E
ijEkl T abmn Tab
pq εikmn εjlpq
− 2T ab ij
(
P[aDc]Tb
c kl + 16 P
cDcTab
kl + 13 Tab
klDcP
c
)
εijkl − 2T
ab
ij
(
P¯[aDc]Tb
c
kl −
1
2 P¯
cDcTab kl
)
εijkl
]
+DH
[
1
4 Tab
ij Tcd
klR(M)
abcd
εijkl + Eij T
ab ik R(V )ab
j
k −
1
8 D
ij
kl
(
T abmn Tab
kl εijmn −
1
2 Eim Ejn ε
klmn
)
+ T ab ij Ta
c kl R(V )bc
m
k εijlm −
1
24 Eij E
ij T abkl Tab
mn εklmn −
1
6 E
ij Tab
kl T acmn T bc
pq εiklm εjpqn
]
+D2H
[
1
6 Eij Tab
ik T ac jl T bc
mn εklmn −
1
8 Eij Ekl Tab
ik T ab jl + 1384 Eij Ekl EmnEpq ε
ikmp εjlnq
+ 132 T
ab ij T cdpq Tab
mn Tcd
kl εijkl εmnpq −
1
64 T
ab ij T cdpq Tab
kl Tcd
mn εijkl εmnpq
]
+ 2H ea
µfµ
c ηcb
[
P a P¯ b − P d P¯d η
ab
]
, (7)
3where R(M)−abcd and R(V )
−
ab
i
j denote anti-selfdual su-
percovariant curvatures. When suppressing the fermionic
terms and imposing the gauge bµ = 0, they become equal
to the Weyl tensor and the SU(4) field strengths.
Let us now turn to the derivation of this result. It
makes use of the fact that any supersymmetric compo-
nent Lagrangian can be written as the Hodge dual of a
four-form built in terms of the vierbein, gravitini, and
possibly other connections, multiplied by supercovariant
coefficient functions that we will treat as composite fields.
This approach is known as the superformmethod [14, 15].
Since for N =4 supergravity chiral superspace does not
exist, we aim to construct such a density formula directly,
assuming that only the vierbein and gravitini may ap-
pear explicitly within the four-form. Schematically we
will thus consider a four-form decomposed into five types
of forms, namely ψ4, e ψ3, e2 ψ2, e3 ψ and finally e4. The
Weyl weight of these forms ranges from w = −2 for the
first one to w = −4 for the last one. This last form will
be multiplied by a composite coefficient function with
w = 4 that contains all the purely bosonic terms of the
Lagrangian specified in (7) (as well as fermionic terms).
The structure of the Lagrangian is dictated by the
transformation of the lowest-dimensional supercovariant
composites. We thus start by considering the quartic
gravitino forms, which we postulate to be of the follow-
ing type,
L = −i εµνρσ ψ¯µi ψνj ψ¯ρ
k ψσ
l Aijkl
− 14 i ε
µνρσ ψ¯µi ψνj ψ¯ρk ψσl ε
klrs Cijrs
− 14 i ε
µνρσ ψ¯µ
i ψν
j ψ¯ρ
k ψσ
l εklrs C¯
rs
ij + · · · , (8)
where the supercovariant composites Aijkl, C
ij
kl, and
C¯ijkl are assumed to be S-supersymmetric, and are there-
fore also invariant under conformal boosts. All three
composites have w = 2 and belong to the 20′ represen-
tation of SU(4). It turns out that these are sufficient to
generate the full class of superconformal Lagrangians. It
may be possible to include other quartic gravitino terms
in different representations, but this modification will
only give rise to additional total derivatives in the final
Lagrangians.
To elucidate the calculation we start by evaluating the
Q-supersymmetry variations that remain proportional to
four gravitini. For this we note that gravitino fields trans-
form under Q-supersymmetry as
δψµ
i = 2Dµǫ
i − 12Tab
ijγabγµǫj − ε
ijkl ǫ¯jψµk Λl , (9)
where the derivative Dµ is covariant under the bosonic
gauge transformations with the exception of the confor-
mal boosts. At the quartic gravitino level we may ig-
nore the second term, but neither the third nor the first.
The reason the first term is relevant is that, in writing
the variation of the action in a manifestly supercovariant
form, we must integrate the derivative by parts and re-
construct supercovariant quantities. This then leads to
further gravitino terms in two ways. The first is when
the derivative hits another gravitino, which must be con-
verted into the supercovariant Q-supersymmetry curva-
ture by adding appropriate terms,
D[µψν]
i = 12R(Q)µν
i − 14ε
ijklψ¯[µjψν]kΛl + · · · . (10)
The second way is when the derivative hits a superco-
variant composite, such as Cijkl, which we rewrite as
DµC
ij
kl = DµC
ij
kl+
1
2
[
ψ¯µ
m Ξijkl,m+ ψ¯µm Ξ
ij,m
kl
]
. (11)
Here we write the Q-supersymmetry transformations of
the scalar composites as
δCijkl = ǫ¯
m Ξijkl,m + ǫ¯m Ξ
ij,m
kl ,
δAijkl = ǫ¯
m Ωijkl,m + ǫ¯m Ω
ij,m
kl , (12)
with fermionic composites Ξ and Ω. Naturally the trans-
formations (12) also induce variations of (8) proportional
to ψ4 times Ξ and Ω. Finally there is yet another way to
generate variations quartic in gravitini originating from
a four-form of the type e ψ3, induced by the transforma-
tion δeµ
a = ǫ¯kγaψµk + ǫ¯kγ
aψµ
k. Note that connections
other than the gravitini will also be generated, for exam-
ple from (10), but those turn out to cancel at the end.
Collecting all the resulting variations proportional to
the various possible quartic gravitini four-forms and re-
quiring them to vanish imposes the following constraints
on the traceless parts of the fermionic composites in (12),
[Ξijkl,m]60 = [2ΛmA
ij
kl]60 , [Ξ
ij,m
kl]60 = 0 ,
[Ωijkl,m]60 = [ΛmC¯
ij
kl]60 , (13)
along with their complex conjugates, where [•]r denotes
projection onto the SU(4) representation r. The remain-
ing terms in the fermionic composites Ξ and Ω lie in the
20 and 20 representations and must be proportional to
the fermionic composites multiplying the e ψ3 four-forms.
We refrain from giving explicit formulae as the general
pattern should be clear. Note that so far we have only
made use of the transformations of the vierbein and the
gravitini.
This procedure must be continued by considering the
remaining Q-supersymmetry variations proportional to
the four-forms e ψ3, e2 ψ2, etc., to determine the rela-
tions between all the supercovariant composites in the
Lagrangian and their transformation rules. This calcu-
lation will make use of the Q-supersymmetry transfor-
mations of almost all the Weyl multiplet fields specified
in [3, 5]. The fact that no inconsistencies arise at this
level is a first indication that our original assumptions
regarding the ψ4 four-forms are correct.
Finally, we must check that the derived transforma-
tion rules of the composites satisfy the same off-shell su-
perconformal algebra as the Weyl multiplet. This is a
straightforward but technically involved calculation for
4which we made extensive use of the computer algebra
package Cadabra [16, 17]. In this process one also identi-
fies the missing S-supersymmetry variations of the com-
posites, which so far were only specified for Aijkl and
Cijkl. This then provides a complete density formula
built upon (8) and (13), that is invariant under all lo-
cal superconformal symmetries. We emphasize that this
density formula makes no assumptions about the specific
dependence of the supercovariant composites on the Weyl
multiplet fields.
At this point we have fully confirmed all the assump-
tions that are at the basis for the above calculations.
To obtain the final results we express the composites
Aijkl and C
ij
kl in terms of the supercovariant fields of
the N=4 Weyl multiplet; they then yield corresponding
expressions for all the composites through their transfor-
mation rules. As it turns out there exist only four scalar
S-supersymmetric expressions in the 20′ representation,
X(1)
ij
kl = D
ij
kl ,
X(2)
ij
kl =
1
2Tab
ijT abmnεklmn −
1
4ε
ijmnEmkEnl
+ 2Λ¯[kχ
ij
l] − traces ,
X(3)
ij
kl = −
1
4Tab
ijΛ¯kγ
abΛl +
1
4ε
ijmnEm[kΛ¯l]Λn − traces ,
X(4)
ij
kl = −
1
24ε
ijmnΛ¯kΛmΛ¯nΛl , (14)
each of which is homogeneous in the Weyl multiplet
fields. The first one is pseudo-real and the others are
complex. The composites Aijkl and C
ij
kl must then be
written as linear combinations of X(n)
ij
kl and X¯(n)
ij
kl
multiplied by apriori arbitrary functions of the coset
scalars with the appropriate U(1) weights. From these
expressions one determines the corresponding fermionic
composites via (12), and subsequently imposes the con-
straints (13). This then leads to two linearly independent
solutions for Aijkl and C
ij
kl.
One solution turns out to correspond to a Lagrangian
that is a total derivative. The other one depends on an ar-
bitrary holomorphic functionH(φα) that is homogeneous
of zeroth degree and an associated potential K(φα, φ
β),
which obeys DD†K = H. The function H is uniquely
determined as it appears in Cijkl as a distinctive term
equal to 12 iX(2)
ij
klH. The holomorphicity of H can then
be seen as a direct consequence of the constraints (13),
which also determine how derivatives of H and K appear
within Cijkl and the other composites. At the end the
potential K is removed by splitting off a total derivative.
In deriving the result (7) we have introduced additional
total derivative terms in order to bring the formula into
a concise form at the cost of generating terms that ex-
plicitly depend on the conformal boost gauge field fµ
a.
In this Letter we have described the construction of
a class of Lagrangians of N = 4 conformal supergravity
encoded in an arbitrary holomorphic function that is ho-
mogeneous of zeroth degree. Up to total derivative terms
these are the only invariant Lagrangians that exist. We
will return to this point in a forthcoming paper where we
will also present the details of this calculation, including
the full density formula and all relevant supersymmetry
transformations. In this construction many consistency
checks were carried out. Perhaps the most stringent one
is the comparison of the bosonic Lagrangian (7) with the
case that the holomorphic function equals a constant, to
the result of [5]. Indeed both expressions agree up to a
total derivative.
The Lagrangians derived above can be directly incor-
porated into Poincare´ supergravity as a four-derivative
coupling following the same construction carried out
originally in [18], by including the superconformal La-
grangian of this Letter before proceeding to the standard
gauge choices. The SU(1, 1) symmetry will then become
entangled with an electric-magnetic duality transforma-
tion in the vector-multiplet sector. Alternatively this La-
grangian can be obtained in one step by applying the
superform method directly based on an extended field
configuration consisting of at least six (on-shell) vector
supermultiplets and the Weyl supermultiplet, where one
must bear in mind that the supersymmetry algebra for
this field representation will no longer close off shell. It is
then possible to compare the corresponding expressions
with the R2-couplings for N = 4 Poincare´ supergravity
of [12, 13], which may also depend non-trivially on the
coset fields.
In the context of Poincare´ supergravity the higher-
derivative couplings are primarily studied as potential
counterterms that could render the theory finite. At this
moment there is agreement that this theory is not fi-
nite at the four-loop level [19]. The presence of a U(1)
anomaly and the non-trivial dependence on the coset
fields plays an important role in this discussion, as was
extensively discussed in [20].
As we mentioned earlier, another possible application
of the result of this Letter concerns the calculation of the
corrections to N =4 supersymmetric black hole entropy
that are known to originate from precisely this class of
Lagrangians. In principle this can be done by generaliz-
ing the analysis of [21], which can be utilized for local-
ization along the lines of [22, 23]. Both these approaches
have only been applied so far to N = 2 supersymmetric
truncations. It should be very interesting to understand
these results in the context of a manifestly N =4 super-
symmetric formulation.
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